Fluid dynamical analogs of the electrodynamical Lorentz force law and Poynting theorem are derived and their implications analyzed. The companion paper by Scofield and Huq 2014 Fluid. Dyn. Res. 46 055513 gives a heuristic introduction to the present results. The fluid dynamical analogs are consequences of a new causal, covariant, geometrodynamical theory of fluids (GTF). Compared to the Navier-Stokes theory, GTF shows the existence of new causal channels of stress-energy propagation and dissipation due to the action of transverse modes of flow. These channels describe energy-dissipation and transport along curved stream tubes common in turbulent flows.
dependent flow; in particular in [5] [6] [7] and more recently by Kambe [8] . Kambeʼs work is to be noted for its rigor and for its introduction of a gauge theoretic perspective into such analogies [9] . The present work differs from these since it is not based on analogy; as we show, it is based on the mathematical consequences of the GTF equations [3] . The theory can describe time-dependent, high speed flows for which inertial forces are balanced by Lorentz forces along with enhanced stress-energy dissipation without the introduction of eddy viscosity.
The present paper is organized as follows. The background summarizes the physical basis of the theory developed in the companion paper and compares it to the isomorphic theory of electromagnetism. We then derive the fluid dynamical Lorentz force and Poynting theorems from the fluid dynamical vortex field tensor, the fluid dynamical analog of the electromagnetic field tensor. The consequences of the Lorentz force and Poynting theorems are then developed by formulating the whole set of geometrodynamical theory of fluids (GTF) equations. This is followed by an analysis of the inclusion of the newtonian viscous stresses to assess how these stresses compare to the new channels of stress-energy provided by the vortex field. A summary and conclusion section follows. The first appendix gives the definitions of the tensors used in the formal derivations. The second appendix shows the formulation presented here can be expressed in a way that the GTF vorticity ω and swirl ζ fields have the same units as the vorticity Ω = ×  u and Lamb Λ Ω = × u vectors have in the Navier-Stokes theory (NST).
Background
In the companion paper we show the need to revisit the foundations of fluid mechanics arises from complications due to the Navier-Stokes equations being parabolic partial differential equations (PDEs) rather than being c m -Lorentz covariant hyperbolic PDEs. Their diffusion equation formulation, with an attendant infinite speed of velocity propagation, implies actionat-a-distance, a formulation that is termed acausal. On the other hand, a finite speed of propagation of signals allows causes and effects at any field point to be sequentially ordered by arrival time. An infinite speed of propagations leads causes and effects to be simultaneous. In the companion paper we discuss the fact the Navier-Stokes equations (NSEs, [2] ) are acausal. The NSEs embody action-at-a-distance where all causes arrive from infinitely distant places simultaneously but they are not non-causal where effects can precede causes. This action-at-a-distance is a characteristic of newtonian physics where the speed of all signal propagation is infinite. We also point out for time independent flows, because there is no change, that there is no propagation at any speed. In this case, the Navier-Stokes equations reduce to elliptic PDEs having laminar flow solutions.
The problems of the non-relativistic NSEs extend to the relativistic formulation of fluid dynamics given by Landau and Lifshitz [2] . Their fluid theory is an example of a covariant, acausal theory holding the speed of light c constant. It is presently the standard theory of relativistic fluids. The acausality of this theory [10] has been discussed extensively [11] [12] [13] [14] [15] [16] [17] 19] . This analysis concludes, given there was no alternative theory at the time, that the Landau and Lifshitz formulation was adequate as long as the fluid could relax sufficiently fast enough to mask the acausality. This work also shows a finite speed of wave propagation is a necessary (but not sufficient) ingredient of causal theories.
The geometrodynamical theory of fluids (GTF) given in [3] shows it is possible to avoid these shortcomings by using a theory based on the geometrodynamics of current conserving spacetimes with finite speeds of transverse wave propagation. The GTF introduces Lorentz forces and Poynting theorems for both fluid dynamics and electrodynamics. In the companion paper we describe the resulting, causal theory of fluid mechanics (GTF) by relating it to the analogous theory of electromagnetism (EMT). Each of these theories respect a maximum speed of wave propagation that depends on the material medium. Both theories are causal theories and can be expressed in a covariant form where the basic equations of the theory are form invariant under transformations of coordinates. Both are also Lorentz-covariant, meaning the form of the equations are invariant with respect to transformations of the spacetime coordinates even including coordinate systems moving at constant relative speeds to the flow. Both theories involve covariant 4-currents. We describe the calculation of the fluid 4-current in this paper.
Integral to the GTF theory is the existence of a maximum speed of transverse waves, denoted c m and two other phenomenological constitutive parameters that we discuss in the next section. For a fluid continuum a finite speed of propagation is also required to escape the conundrum of newtonian physics action-at-a-distance and infinite speeds of transverse mode propagation characteristic of the NST. Avoiding this problem is required if one is to consistently combine transverse mode propagation (fluid dynamical Lorentz forces) and covariant stress-energy flux balance. Experimental measurements show the maximum speeds of fluid dynamical waves c m is of an order 10 −5 times smaller than the maximum speed of propagation of light waves in empty space, the speed of light = × − c 2.9979 10 m s 8 1 , [20] [21] [22] . Because of this limitation, the geometry of the spacetime required for fluids acting under a fluid vortex field must employ the smaller by × − 10 5 speed of propagation. The questions raised by the analysis of [11] [12] [13] [14] [15] [16] [17] [18] [19] , then implies relaxation times are no longer relatively short, so an alternative theory to the relativistic NST of [2] needs to be formulated (e.g., GTF).
In summary, causality is physically related to the existence of a maximum speed of signal propagation and mathematically to the use of hyperbolic, second-order wave equations with a single time-like variable. In a sense, it is remarkable that finite speed of signal propagation, causality, and spacetime geometries are so intimately related. In the following parts of this paper, by introducing a finite speed of propagation c , m a covariant, causal theory of fluids is formulated that is expressible in terms of hyperbolic wave equations and covariant stressenergy flux balance, -the GTF theory. This enables the derivation of fluid dynamical Lorentz forces and energy transport described by Poyntingʼs theorem.
Vortex Field Equations
Causal theories such as electrodynamics address the foundational problems of the propagation of stress and energy in a continuum. They require a finite speed of propagation. This allows the concept of 'transport' of causes to effects to be meaningfully defined. In this we can include in 'transport' a combination of convection and propagation. The vortex field equations introduced immediately below are causal equations formingg part of the GTF. As explained in the companion paper, these equations allow one to describe the propagation, not acausal diffusion, of the velocity, vorticity, and swirl fields contributing to the stress-energy flux balance in a fluid. In the remainder of this section, we will give a synopsis of the vortex field equations and the terms used to describe the balance of stress-energy flux in a c mspacetime. The basic result is the following: The isomorphism given in table 1 illustrates the profound consequences of the conservation of currents [3] ; the physical currents in EMT and GTF are quite different, yet they obey isomorphic vortex field equations. Table 1 illustrates the physical theory analogy. However, the correspondence is deeper. Both EMT and GTF are derived from the vortex field lemma, a consequence of the conservation of currents (electrical and fluid, respectively). Here ρ D is the electrical charge density and J D is the electrical current, the electric field vector is denoted by E and the magnetic field vector by B. Their excitation fields are the vectors D and H. The parameters κλ μν C in the theorem statement are linear constitutive (material) parameters of the vortex fields-different from the viscosity parameters of the NST. They relate the vortex field strength ζ ω F ( , ) to its 'excitations' ζ ωH ( , ) in the same way the field strengths F E B ( , ) and excitations H(D H , ) are related in electrodynamics [23] . (See ref. [4, section 6.8-9] for the analogous case where lossy electromagnetic media is also considered.) The excitations ζ ωH ( , ) are related to the fields ζ ω F ( , ) in that the excitations are the response of the system to field variations. The excitations of the vorticity ω and swirl ζ fields are denoted with an over-bar ζ ω( , ). The ζ ω( , ) are not 'fluctuations' about a mean. Thus these quantities are not directly related to the Reynolds decomposition of mean quantities compared to their perturbations often used in the analysis of turbulent flow. The variation of the density ρ allows one to define the quantity δρ ρ ρ = − avg as the fluid density fluctuation about the average value, ρ avg ; it is also not a Reynolds decomposition. The spatial current components are given by ρ = J u i i . In the absence of longitudinal fields due to ρ avg so ζ δρ ·¯= =  0, there is still an analog of the electrical displacement field ζ ≃D ( )whose time variation ζ ∂¯∂t produces a curl of the analog of the vorticity excitation
Transverse waves are predicted by the equations of table 1 given appropriate geometric constraints as in electrodynamics [1] [2] [3] [4] . For instance, transverse vorticity (TV) waves are predicted by solving these equations for flow along flow guides of constant cross-section and vanishing velocity along the walls of the guide. Transverse swirl (TS) waves have swirl components transverse to the direction of propagation. Transverse vorticity-swirl (TVS) waves are predicted for propagation in unbounded media. These TV, TS and TVS modes correspond to the TM, TE and TEM modes of electrodynamics, respectively.
The GTF formulation given in table 1 is general so that we can flexibly determine the physical units and constitutive relations depending on experimental methodology and theoretical requirements. Using the flexibility of four constitutive parameters, in appendix B, we show the equations can be simplified using dimensional analysis so only a total of three Table 1 . The isomorphism derived between the vortex field equations of electromagnetic theory (EMT) and geometrodynamical theory of fluids (GTF). 
By using the definition of μν F given above and by algebraic manipulations, we find the following corollary. 
; ;
By taking the curl and by algebraic manipulations of the GTF equations of table 1, we find the following two corollaries. These two corollaries are directly related to the propagation of the GTF vorticity and swirl. Corollary 3 shows how the NST vorticity Ω is a source for the GTF vorticity ω, for incompressible fluids, and how the time-rate of change of the current ∂ ∂ J t is a source exciting the GTF swirl field. , equation (4) shows the NST vorticity Ω is the source of the GTF vorticity field ω. For constant density, ρ =  0, so the last term on the right-hand side of equation (5) vanishes. Thus for incompressible fluids, the time rate of change of the NST vorticity Ω is the source for the GTF swirl field ζ. In this corollary we notice the maximum speed of propagation c m is determined by the material parameters. π η where
The vector potential does not add new degrees of freedom to the theory. In fact, it allows the six linearly independent components of the vortex field of the antisymmetric field tensor μν F to be computed from four quantities μ
( )
A simply by differentiation:
) . From equation (6) , one can show the vortex field tensor μν F also satisfies a wave equation:
Using the definition of ζ ω μν F ( , ) given in equation (1), allows one to determine the GTF vorticity ω and swirl ζ fields. Solution of equation (6) is thus equivalent to the solution of the vortex field equations of table 1.
These corollaries show how the gauge potential 4-vector μ
A is sourced by the current μ ( ) J and how ζ ω ( , ) are obtained from the gauge potential and the current 4-vector. The isomorphism between electromagnetic field theory [4] and vortex field theory is readily apparent: the equations for electrodynamical vortex field are of the exact same form as for the fluid dynamical vortex field [3] . Equations (1), providing a formal, linear, invertible (hence 1 to 1) mapping between the electromagnetic field tensor and the fluid dynamical vortex field tensor, can be seen to be a logical consequence of theorem 1. The analogy (isomorphism) also shows the vortex field equations can be expressed as gauge field equations for the vector potential components μ A in the same way as in electrodynamics (corollary 4). As shown in corollarys 3 and 4, the theory yields second order wave equations forr which there is an finite limit to the mode propagation speed c m .
Equations (6) can be solved to determine the transverse modes, for instance, for flows in circular, rectangular or helical pipes. The consequences of being able to compute such modes and categorize the modal structure (topology) of fluid flow are far-reaching. A theory of helicity and the topology of inviscid or perfect fluid flows has already been developed based on an electrodynamic analogy [24] [25] [26] [27] . That theory provides a description of helical structures for perfect fluids. Using the present theory, GTF, the limitation to perfect fluids is removed in the context of the NSEs [28, 29] . As a consequence, the work on the topology of perfect fluid flow, e.g., summarized in references [30] and [31] , can be derived from GTF thereby providing an extension of the perfect fluid topology theory to a viscous fluid topology theory. Such topological quantities are crucial for understanding and predicting propagation and dissipation of stress-energy in flows with transverse mode structures. Thus there now exists a machinery for computing the vortex field,
, just as in electrodynamics. The vortex field, of course, produces stresses and propagates energy in the fluid. These effects must be included in the stress-energy flux balance.
Deriving the fluid dynamical Lorentz force law and Poynting theorems
In this section, we derive the fluid dynamical Lorentz force law and the Poynting theorem. In appendix A we give the detailed definitions of the tensors involved in our discussion. Our formulation of the balance of stress-energy flux is based on the one given in [2] .
Tensor analytic methods for a 4D c m -spacetime are used in the remainder of this paper. We follow the conventional notation: subscripts indicate covariant components. Superscripts denote contravariant components. For a vector of covariant components μ J , the same vector expressed in terms of contravariant components is given by = μ μ ν ν J g J, where the Einstein convention of summing over repeated covariant-contravariant index pairs is used. Greek letter indices vary over {0, 1, 2, 3}. Roman letter ones vary over 1, 2, 3. The metric tensor has components given by
, thereby defining the geometry of a Minkowski spacetime. The formulated equations are covariant in form with respect to Lorentz transformations in which c m is held constant. This is called c mLorentz covariance. This covariance follows from the isomorphism of the VFEs and Maxwellʼs equations, the latter being c-Lorentz covariant as the maximum speed of transverse waves is the speed of light c. The use of this Minkowski spacetime forms the basis for preserving causal ordering. A c m -covariant theory can be developed on this basis. 3 The covariant (c m -ST) derivative is denoted by a semi-colon and a subscript. For the present discussion these covariant derivatives are equivalent to partial derivatives if cartesian coordinates are adopted. The 4D spacetime tensor approach is both simpler and more elegant compared to the (3+1)D formulation used in table 1 and simplifies the derivations of the Lorentz force law and Poyntingʼs theorem.
Fluid dynamical Lorentz force law
In this and the following, section we attend to the rigorous derivations of the Lorentz force and the Poynting theorem of fluid dynamics. As shown above the fluid dynamical-electrodynamical analogy is not arbitrary. It is a consequence of the fact that both theories describe the dynamics of conserved currents. We start with the balance of stress-energy flux including inertial and vortex field contributions Here the symmetric Maxwell stress-energy tensor, also called the energymomentum tensor, tensor τ μν m of the vortex field, is expressed by
As a consequence of the isomorphism between the vortex field equations for electrodynamics and for fluid dynamics, the form of the stress-energy tensor in electrodynamics and fluid dynamics have the same form as given in equation (8) . The evaluation of the stress-energy tensor in terms of the quantities on the right of equation (8) Proof. We need to evaluate the covariant derivative
In this evaluation we use the identity
The fact the covariant derivative of the metric tensor vanishes is used. We also use the product rule stating the product of an antisymmetric tensor αβ F with a symmetric one vanishes, so
1 2
There follows the sequence of steps leading to the evaluation of the covariant derivative (We set η = − 1 1 on both sides of the equation.) (8) can also be written as
. Sign conventions and metrics are often reversed. In [4] and in [2] and [32] which deal with the classical theory of electromagnetic and matter fields, the metric is 
1 2 (11) The theorem statement in equation (9) is obtained from the last three elements of the column vector defined in this equation and from the first element by using the fact λζ λζ
. ■ Examination of the second through fourth elements of the first column of equation (13), shows the right-hand side contains the familiar form of the Lorentz force in the analogy where the λζ i are analogous to the components of the electric field E i and J 0 is analogous to the charge q. The second, third, and fourth lines also involve the components of ω × J . Here, the κω i are analogous to the components of the magnetic induction field B i . So these lines account for the analogy to the u × B of the electromagnetic Lorentz force law. The second relation of equation (9) is usually omitted in vector analytic derivations. This relation describes effects analogous to the 'resistive' heating caused by the work of the current against the swirl field. It vanishes for vortex fields transverse to the current flow, i.e., when ζ · = J 0. All of the Lorentz force components can be computed, given a fluid dynamical current and constitutive parameters, equations (5).
Fluid dynamical Poynting theorem
The identity τ = − A relationship between these quantities is determined by differentiating the Maxwell stress-energy tensor. This provides proof of the Poynting theorem that follows.
Here  is the fluid vortex field energy, the S i are the components of the fluid dynamical Poynting vector, ζ and ω are the vector components of the fluid vortex field μν F , and J i are the vector components of the fluid current. The parameters κ and λ are constitutive parameters for a homogeneous isotropic fluid.
Proof. By using equation (14) we then obtain the Poynting theorem of energy density flux from the timecomponents: 
This equation provides a generalization of the standard Poynting theorem which is usually limited to equation (17) . On comparing equations (15) and (17), the Poynting theorem, equation (15), follows.
Examining the structure and physical units used in equations (15) through (18) shows the vortex field modes transport energy and momentum or equivalently stress-energy. More specifically, since ω = 
Balance of stress-energy in high speed limits
In this section we examine the conundrum of the disappearance of viscous stress effects at high Reynolds numbers. In our analysis we first combine the newtonian viscous stresses in the stress-energy flux balance equations togetherr with the stress-energy of the vortex field.
(An analysis of the validity of this combination is provided in the next section.) In this manner we can examine the relative scale of terms for time-dependent flow as the Reynolds number
increases. The combination gives the following stressenergy flux balance equation [3] 
e n m ; ;
Here τ μν e is the stress-energy tensor of inertia, τ μν n is the stress-energy tensor due to the newtonian viscous stresses and τ μν m is the (Maxwell) stress-energy tensor of the fluid vortex field [3] . The detailed expressions for these tensors is given in appendix A and a dimensionally analyzed version of the equation is given below as equation (22) . For the moment we focus on the structure of the equations. The energy and momentum (equivalently stress-energy) are coupled in equation (20) , reflecting the coupling of space and time into one geometric structure. The last equality in equation (20) is a mathematical identity obtained by evaluating the covariant derivative of τ μν m as described below. The identity in the last part of equation (20) provides the basis for the derivation of the fluid dynamical Poynting theorem. In fact, the last term contains the Lorentz force which is seen to be in balance with the inertial and viscous force flux.
We next analyze the structure of equation (20) by expressing it in dimensionless form. The density ρ of the fluid is assumed constant for simplicity. We proceed to use the definitions given in appendix A to evaluate the left-hand side of equation (20) for a cartesian coordinate system giving: The fluid pressure is given by p and the Cauchy stress tensor, generalized for a 4D c mspacetime is denoted by σ μν . (See appendix A.) Because of the inclusion of the newtonian viscous stress these equations are acausal: we notice some immediate parallels to the nondimensionalized NSEs. The first term on the left contains the spatial and temporal gradients comprising the total derivative Du Dt i of the NSEs. The pressure gradient is also present on the left-hand side. Since we have included a newtonian viscosity, the spatial derivatives of the Cauchy strain rate tensor σ μν ⋆ also appears, on the right-hand side. These terms, however, are augmented by temporal derivatives. The new term on the far right contains the effects due to the fluid vortex field. Equation (22) . Equation (22) shows viscous stresses are decoupled from the vortex field dynamical effects (proportional to μν ν ⋆ * F J ). The remaining part of the equations describe the causal balance of inertial and vortex field stress-energies. Therefore using the GTF, it is possible to formulate a causal theory of time-dependent flow as → ∞ Re , i.e., in the limit of vanishing newtonian viscous stresses. That is, as the newtonian viscous stress contribution to the stress-energy flux balance vanishes, the acausality due to newtonian viscosity is removed. In the → ∞ Re limit, the forces determining the current remain in balance: that balance being struck by the inertial and the vortex field stress-energies. In such a theory, new channels of energy dissipation and transport due to the vortex field modes are active. An analysis of how to include the vortex field and newtonian viscous stresses into the stressenergy flux balance equations is presented in this section. For simplicity, we consider the constant density, small flow speed limit (relative to the maximum transverse mode speed c ,
) of the stress-energy flux balance. This limit yields the following set of equations [2, 37] 
due to newtonian viscosity for time-independent flow. This term provides the balance to the inertial stresses when there is no concern about acausal action-at-a-distance (newtonian physics). The equation is mathematically classified as an elliptic boundary-value problem. One can use equation (23a) to compute the steady, laminar flow. This laminar time-independent flow equation can be considered to provide a 'vacuum' or reference state from which timedependent flow emerges as, say, pressure drop is increased. In short, equation (23a) is is formulated in a context where causality does not enter-because no time-dependence is involved in its formulation. The results of equation (23a) can be obtained, by solving for the time-independent limit of equations (23b-23c), i.e., for stationary fields. In this case the energy-dissipation is still given by the Poynting theorem as λ ζ · J . Equation (23b) for timedependent flows contains the effects of the Lorentz force ρ= f
exciting the fluid and replacing the newtonian viscous stress term. Although equation (23b) is mathematically the large Reynolds number limit of equation (22) above, equation (23b) should not to be considered as a high Re limit of a time-dependent NST; the equation stands on its own as describing a time-dependent dissipative fluid flow. For a given geometry, the pressure or flow rate, at which the transition to time-dependent flow occurs, i.e., where the solutions to equation (23a) transfer to those of equation (23b), can be determined by simultaneously solving equations (23b-23c). When the time-dependent vortex modes are excited, a substantial increase in energy dissipation occurs and can be measured [39] . Equations (23a-23c) are thus hybrid equations for laminar and time-dependent flows. These equations include as a stationary case a formulation in terms of the effects of newtonian viscous stresses. For the dynamical case and its stationary limit, the equations containss the effects of the vortex field. The physical picture is that the vortex field modes are added (subtracted) to (from) the vacuum state as higher levels of excitation occur. The vortex field modes or elementary excitations are solutions to the vortex field equations (equation (23c)). These can be used as a basis set to define the elementary excitations. The vortex field modes can be obtained using the wave equation for the vector potential-See corollary 4. The wave operator is essentially self-adjoint, generating a complete set of basis functions. The propagation of stress-energy by such modes can impact the linear stability and stress-energy transport (convective and propagational) analysis.
Summary and conclusions
This paper provides an elaboration of our theoretical description of fluid flow called the geometrodynamical theory of fluids (GTF). The paper is focused on two key ingredients of that theory: the Lorentz force Law and the Poynting theorem. The GTF, itself, is based on the mathematical theory of conserved currents as reflected in the vortex field lemma. Exploiting the lemma allows introducing a 4-vector current definition, a tensor formulation, and the introduction of causal equations to describe fluid dynamics. The result is a causal, covariant field theory of fluid flow. A remarkable aspect of the GTF is it contains a subset of equations, for what we call the fluid vortex field, that are mathematically isomorphic to the Maxwellʼs equations of electrodynamics. Consequently, we are able to derive a fluid dynamical Lorentz force law and fluid dynamical Poynting theorem following approaches established in the theory of electrodynamics. This provides a basis for a fluid dynamical-electrodynamical analogy-the theory shows the GTF equations and those of electrodynamics (EMT) are isomorphic. We show the fluid dynamical Lorentz force is produced by the fluid vortex field generated by the conserved fluid current. The fluid vortex field, in turn, modifies the stressenergy flux balance of the fluid. This leads to new causal channels of stress-energy transport and dissipation which are described by the fluid Poynting theorem. These channels persist in the high Reynolds number limit → ∞ (Re ) providing a balancing stress to the inertial stresses in the fluid and also providing stress-energy dissipation. These effects are absent from the NST. Because the GTF is causal and covariant-a modern field theory-it is likely that it can form part of a successful theory of turbulence.
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Appendix A. Covariant current, Maxwell, Euler, and Navier-Stokes stressenergy tensors
The definitions of the covariant 4-current, Maxwell, Euler, and Navier-Stokes stress-energy tensors are given in a c m -Lorentz covariant form compatible with the VFEs. The maximum speed of transverse waves is c m , which we set to unity except for emphasis.
For the following discussion of the 4-vector nature of the current J, we need the vortex field lemma (VFL) giving the field equations relating the current density ⋆ J to the fluid excitations H. The VFL is a fundamental consequence of the constraint of fluid conservation that is obeyed for all classical theories of continua [3] . The lemma follows on using the principle of current density conservation [3] and the converse of the Poincaré lemma stating an closed differential form F, i.e., one for which = dF 0, locally has a potential α = f d [38, p 27] . The current must be self-consistently computed from the vortex field equations. The solutions to the vortex field equations can be constrained, for instance, by requiring them to satisfy a stress-energy flux balance as described in the main body of the paper.
This definition and the developments in the main body emphasize the fact the current J is the physical quantity. Only when the density is a constant can we write ρ ρ ρ ρ = , are independent. In the main text, we also note the total number of constitutive parameters in the set μ κ μ κ η¯¯c { , , , , , } m can be reduced to three. This is a convenience, and has some merit of economy from both a theoretical and an experimental standpoint. From the experimental standpoint, there are fewer parameters to measure. From the theoretical standpoint there are fewer parameters to compute. The problem in the present case is to make the best choice of parameters. In electrodynamics, the arrangement is not entirely satisfactory as the fields and excitations are related by ( ε μ = 2 for incompressible fluids. We show the parameter η can be removed as in electrodynamics. As we have seen in the main text, choosing the units of ω and ζ to have the same units as the NST quantities Ω and Λ, simplifies the interpretation of the theory. On the other hand from a theoretical standpoint, the full set of parameters reveals symmetries and derivation pathways in the theory that a rigid parametrization does not. We have used this approach in analyzing classical field theories [3] .
We first derive the VFEs appearing in lemma 7 then apply dimensional analysis yielding an exact formal map of the fluid to the electrodynamic VFEs in the form of Maxwellʼs equations. This permits us to show how the assumption of homogeneity and isotropy and dF = 0. There exists a 1-form A such that F = dA because of the Poincaré lemma. In the language of the exterior calculus, the constitutive relations are given by -* = H F. Using these results we can derive the simplified VFEs corresponding to lemma 7 as follows.
It is first recalled, in the exterior calculus, the 'wedge' product is defined as This relation is consistent as long as ω ×¯= 
( B . 9 ) 3 3 These results suggest the vortex field excitations are ones of mass density. The fields themselves are mass fluxes defined as mass through an area. Since ϖ ×  and ζ × have these units, it may well be that these curl variables are more closely related to physically measurable variables. One can verify λζ λζ =¯¯= 
